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       Do we mean the same? A use theory of meaning in n-sided sequent calculi Sophie Nagler1 New College and Faculty of Philosophy, University of Oxford Munich Center for Mathematical Philosophy 21st July 2021 1 sophie.nagler@philosophy.ox.ac.uk A tragic love story 2 / 21 A tragic love story S1 L(a, s)&¬L(s, a) S2 L(a, s)∧¬L(s, a) 2 / 21 A tragic love story S1 L(a, s)&¬L(s, a) ▸ Anna loves Saraswati but Saraswati does not love Anna. S2 L(a, s)∧¬L(s, a) ▸ Anna loves Saraswati and Saraswati does not love Anna. 2 / 21 A tragic love story S1 L(a, s)&¬L(s, a) ▸ Anna loves Saraswati but Saraswati does not love Anna. S2 L(a, s)∧¬L(s, a) ▸ Anna loves Saraswati and Saraswati does not love Anna. Do the two connectives mean the same? 2 / 21 Model-theoretic semantics ▸ model-theoretic semantics ▸ meaning as truth-value 3 / 21 Model-theoretic semantics ▸ model-theoretic semantics ▸ meaning as truth-value ▸ two expressions have the same truth value if and only if they are true in the same circumstances. 3 / 21 Model-theoretic semantics ▸ model-theoretic semantics ▸ meaning as truth-value ▸ two expressions have the same truth value if and only if they are true in the same circumstances. ▸ truth-conditional theory of meaning 3 / 21 Model-theoretic semantics L(a, s) L(s, a) ¬L(s, a) L(a, s)&¬L(s, a) L(a, s)∧¬L(s, a) T T F F F T F T T T F T F F F F F T F F They mean the same! 4 / 21 Disclaimers ▸ Meaning ▸ of a language user vs ▸ of a meaning-bearer 5 / 21 Disclaimers ▸ Meaning ▸ of a language user vs ▸ of a meaning-bearer ▸ Natural language semantics vs formal language semantics 5 / 21 Proof-theoretic semantics ▸ model-theoretic semantics ▸ meaning as truth-value ▸ two expressions have the same truth value if and only if they are true in the same circumstances. ▸ truth-conditional theory of meaning 6 / 21 Proof-theoretic semantics ▸ model-theoretic semantics ▸ meaning as truth-value ▸ two expressions have the same truth value if and only if they are true in the same circumstances. ▸ truth-conditional theory of meaning ▸ proof-theoretic semantics ▸ meaning as inferential behaviour 6 / 21 Proof-theoretic semantics ▸ model-theoretic semantics ▸ meaning as truth-value ▸ two expressions have the same truth value if and only if they are true in the same circumstances. ▸ truth-conditional theory of meaning ▸ proof-theoretic semantics ▸ meaning as inferential behaviour ▸ two expressions display the same inferential behaviour if and only if they are used in the same way. 6 / 21 Proof-theoretic semantics ▸ model-theoretic semantics ▸ meaning as truth-value ▸ two expressions have the same truth value if and only if they are true in the same circumstances. ▸ truth-conditional theory of meaning ▸ proof-theoretic semantics ▸ meaning as inferential behaviour ▸ two expressions display the same inferential behaviour if and only if they are used in the same way. ▸ use-conditional theory of meaning 6 / 21 Proof-theoretic semantics ▸ What determines connective use? 7 / 21 Proof-theoretic semantics ▸ What determines connective use? ▸ Their proof rules! 7 / 21 Sequent calculus ▸ ‘A, B, C , . . . ’ denote formulae 8 / 21 Sequent calculus ▸ ‘A, B, C , . . . ’ denote formulae ▸ ‘Γ, ∆, Σ, Π, Φ, Ψ . . . ’ denote (finite) sets of formulae 8 / 21 Sequent calculus ▸ ‘A, B, C , . . . ’ denote formulae ▸ ‘Γ, ∆, Σ, Π, Φ, Ψ . . . ’ denote (finite) sets of formulae ▸ (Two-sided) sequent: ‘Φ : Ψ’ ▸ sequent symbol 8 / 21 Proof rules Proof rules (e.g., for LK→) Γ ∶ A, ∆ Σ, B ∶ Π Γ, A ∶ B, ∆ L→ R→ Γ, Σ, A → B ∶ ∆, Π Γ ∶ A → B, ∆ ▸ active formulae ▸ context formulae 9 / 21 Orthodox proof-theoretic semantics ▸ Connective use is determined by proof rules 10 / 21 Orthodox proof-theoretic semantics ▸ Connective use is determined by proof rules ▸ When do two proof rules mean the same? 10 / 21 Orthodox proof-theoretic semantics ▸ Connective use is determined by proof rules ▸ When do two proof rules mean the same? ▸ Orthodox view (e.g., Restall, 2014): proof rules (of connectives) mean the same iff their active formulae are the same 10 / 21 Orthodox proof-theoretic semantics Example 1: Classical (LK) and intuitionistic (LJ) connectives have the same meaning, f.i. Γ, A ∶ B, ∆ R→LK Γ ∶ A → B, ∆ Γ, A ∶ B R→LJ Γ ∶ A→B 11 / 21 Orthodox proof-theoretic semantics Example 2: additive and multiplicative →LK encode the same meaning Γ ∶ A, ∆ Γ, B ∶ ∆ L→add LK Γ, A → B ∶ ∆ Γ ∶ A, ∆ Σ, B ∶ Π L→mult LK Γ, Σ, A → B ∶ ∆, Π 12 / 21 Co-determination ▸ Conservativity ensures paradox-free connective definability (Belnap, 1962) ▸ Proof: (localised) Cut-elimination 13 / 21 Co-determination (localised) Cut-elimination for L→add LK : ⋮ ⋮ ⋮ Γ ∶ A, ∆ Γ, B ∶ ∆ A, Γ ∶ ∆, B Γ, A → B ∶ ∆ L→add Γ ∶ ∆, A → B R→ Γ∶∆ Cutadd 14 / 21 Co-determination (localised) Cut-elimination for L→add LK : ⋮ ⋮ ⋮ Γ ∶ A, ∆ Γ, B ∶ ∆ A, Γ ∶ ∆, B Γ, A → B ∶ ∆ L→add Γ ∶ ∆, A → B R→ Γ∶∆ Cutadd (localised) Cut-elimination for L→mult LK : ⋮ A, Γ ∶ ∆, B R→ ⋮ ⋮ Γ ∶ ∆, A → B ∣Σ∣-times LW Γ ∶ A, ∆ Σ, B ∶ Π Σ, Γ ∶ ∆, A → B mult ∣Π∣-times RW Γ, Σ, A → B ∶ ∆, Π L→ Σ, Γ ∶ ∆, A → B, Π Γ, Σ ∶ ∆, Π Cutmult 14 / 21 Co-determination L→add LK and L→LK : mult same active formulae, different inferential behaviour 15 / 21 Co-determination L→add LK and L→LK : mult same active formulae, different inferential behaviour ▸ Need different structural properties of the derivability relation! 15 / 21 Co-determination L→add LK and L→LK : mult same active formulae, different inferential behaviour ▸ Need different structural properties of the derivability relation! ▸ L→add LK requires Cut add (weaker transitivity ) 15 / 21 Co-determination L→add LK and L→LK : mult same active formulae, different inferential behaviour ▸ Need different structural properties of the derivability relation! ▸ L→add LK requires Cut add (weaker transitivity ) ▸ L→mult LK requires Cut mult (stronger transitivity ) and Weakening (monotonicity ) 15 / 21 The fix: co-determination Co-determination thesis (Dicher, 2016): proof rules (of connectives) mean the same iff their active formulae and the minimal structural properties necessary for its definability are the same 16 / 21 Problems of co-determination 1. Incomplete/few examples 17 / 21 Problems of co-determination 1. Incomplete/few examples 2. Limited to propositional systems 17 / 21 Problems of co-determination 1. Incomplete/few examples 2. Limited to propositional systems 3. Biased towards classical and intuitionistic logic (+sub-structural siblings) 17 / 21 Problems of co-determination 1. Incomplete/few examples 2. Limited to propositional systems 3. Biased towards classical and intuitionistic logic (+sub-structural siblings) ▸ Only account for two-sided sequent calculi (Φ0 : Φ1 ) 17 / 21 Problems of co-determination 1. Incomplete/few examples 2. Limited to propositional systems 3. Biased towards classical and intuitionistic logic (+sub-structural siblings) ▸ Only account for two-sided sequent calculi (Φ0 : Φ1 ) ▸ No account for n-sided sequent calculi (Φ0 : Φ1 : . . . : Φn ) 17 / 21 Problems of co-determination 1. Incomplete/few examples 2. Limited to propositional systems 3. Biased towards classical and intuitionistic logic (+sub-structural siblings) ▸ Only account for two-sided sequent calculi (Φ0 : Φ1 ) ▸ No account for n-sided sequent calculi (Φ0 : Φ1 : . . . : Φn ) ▸ Used to encoce multi-valued logics (e.g., Strong Kleene Logic) 17 / 21 
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