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       PREFACE TO THE FIRST EDITION. In the present Treatise the Conic Sections are defined with reference to a focus and directrix, and I have endeavoured to place before the student the most important properties of those curves, deduced, as closely as possible, from the definition. The construction which is given in the first Chapter for the determination of points in a conic section possesses several advantages; in particular, it leads at once to the constancy of the ratio of the square on the ordinate to the rectangle under its distances from the vertices; and, again, in the case of the hyperbola, the directions of the asymptotes follow immediately from the construction. In several cases the methods employed are the same as those of Wallace, in the Treatise on Conic Sections, published in the Encyclopaedia Metropolitana. The deduction of the properties of these curves from their definition as the sections of a cone, seems `a priori to be the natural method of dealing with the subject, but experience appears to have shewn that the discussion of conics as defined by their plane properties is the most suitable method of commencing an elementary treatise, and accordingly I follow the fashion of the time in taking that order for the treatment of the subject. In Hamilton’s book on Conic Sections, published in the middle of the last century, the properties of the cone are first considered, and the advantage of this method of commencing the subject, if the use of solid figures be not objected to, is especially shewn in the very general theorem of Art. (156). I have made much use of this treatise, and, in fact, it contains most of the theorems and problems which are now regarded as classical propositions in the theory of Conic Sections. I have considered first, in Chapter I., a few simple properties of conics, and have then proceeded to the particular properties of each curve, commencing with the parabola as, in some respects, the simplest form of a conic section. It is then shewn, in Chapter VI., that the sections of a cone by a plane produce the several curves in question, and lead at once to their definition as loci, and to several of their most important properties. A chapter is devoted to the method of orthogonal projection, and another to the harmonic properties of curves, and to the relations of poles and polars, PREFACE TO THE FIRST EDITION. vi including the theory of reciprocal polars for the particular case in which the circle is employed as the auxiliary curve. For the more general methods of projections, of reciprocation, and of an- harmonic properties, the student will consult the treatises of Chasles, Pon- celet, Salmon, Townsend, Ferrers, Whitworth, and others, who have recently developed, with so much fulness, the methods of modern Geometry. I have to express my thanks to Mr R. B. Worthington, of St John’s College, and of the Indian Civil Service, for valuable assistance in the con- structions of Chapter XI., and also to Mr E. Hill, Fellow of St John’s College, for his kindness in looking over the latter half of the proof-sheets. I venture to hope that the methods adopted in this treatise will give a clear view of the properties of Conic Sections, and that the numerous Examples appended to the various Chapters will be useful as an exercise to the student for the further extension of his conceptions of these curves. W. H. BESANT. Cambridge, March, 1869. PREFACE TO THE NINTH EDITION. In the preparation of this edition I have made many alterations and many additions. In particular, I have placed the articles on Reciprocal Polars in a separate chapter, with considerable expansions. I have also inserted a new chapter, on Conical Projections, dealing however only with real projections. The first nine chapters, with the first set of miscellaneous problems, now constitute the elementary portions of the subject. The subsequent chapters may be regarded as belonging to higher regions of thought. I venture to hope that this re-arrangement will make it easier for the beginner to master the elements of the subject, and to obtain clear views of the methods of geometry as applied to the conic sections. A new edition, the fourth, of the book of solutions of the examples and problems has been prepared, and is being issued with this new edition of the treatise, with which it is in exact accordance. W. H. BESANT. December 14, 1894. CONTENTS. page Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 CHAPTER I. The Construction of a Conic Section, and General Properties . . . . . . . . . . . . . . . . . . . . . . . . . . 3 CHAPTER II. The Parabola . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 CHAPTER III. The Ellipse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 CHAPTER IV. The Hyperbola . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 CHAPTER V. The Rectangular Hyperbola . . . . . . . . . . . . . . . . . . 125 CHAPTER VI. The Cylinder and the Cone . . . . . . . . . . . . . . . . . . 135 CONTENTS. ix CHAPTER VII. The Similarity of Conics, the Areas of Conics, and the Curvatures of Conics . . . . . . . . . . . . . . . 152 CHAPTER VIII. Orthogonal Projections . . . . . . . . . . . . . . . . . . . . . 165 CHAPTER IX. Of Conics in General . . . . . . . . . . . . . . . . . . . . . . . 174 CHAPTER X. Ellipses as Roulettes and Glissettes . . . . . . . . . . . . 181 Miscellaneous Problems. I. . . . . . . . . . . . . . . . . . . 189 CHAPTER XI. Harmonic Properties, Poles and Polars . . . . . . . . . . 199 CHAPTER XII. Reciprocal Polars . . . . . . . . . . . . . . . . . . . . . . . . . 217 CHAPTER XIII. The Construction of a Conic from Given Conditions . 231 CHAPTER XIV. The Oblique Cylinder, the Oblique Cone, and the Conoids . . . . . . . . . . . . . . . . . . . . . . . . . . . 245 CHAPTER XV. Conical Projection . . . . . . . . . . . . . . . . . . . . . . . . 257 Miscellaneous Problems. II . . . . . . . . . . . . . . . . . . 269 CONIC SECTIONS. Introduction. DEFINITION. If a straight line and a point be given in position in a plane, and if a point move in a plane in such a manner that its distance from the given point always bears the same ratio to its distance from the given line, the curve traced out by the moving point is called a Conic Section. The fixed point is called the Focus, and the fixed line the Directrix of the conic section. When the ratio is one of equality, the curve is called a Parabola. When the ratio is one of less inequality, the curve is called an Ellipse. When the ratio is one of greater inequality, the curve is called an Hyper- bola. These curves are called Conic Sections, because they can all be obtained from the intersections of a Cone by planes in different directions, a fact which will be proved hereafter. It may be mentioned that a circle is a particular case of an ellipse, that two straight lines constitute a particular case of an hyperbola, and that a parabola may be looked upon as the limiting form of an ellipse or an hyperbola, under certain conditions of variation in the lines and magnitudes upon which those curves depend for their form. The object of the following pages is to discuss the general forms and characters of these curves, and to determine their most important properties INTRODUCTION. 2 by help of the methods and relations developed in the first six books, and in the eleventh book of Euclid, and it will be found that, for this purpose, a knowledge of Euclid’s Geometry is all that is necessary. The series of demonstrations will shew the characters and properties which the curves possess in common, and also the special characteristics wherein they differ from each other; and the continuity with which the curves pass into each other will appear from the definition of a conic section as a Locus, or curve traced out by a moving point, as well as from the fact that they are deducible from the intersections of a cone by a succession of planes. CHAPTER I. PROPOSITION I. The Construction of a Conic Section. 1. Take S as the focus, and from S draw SX at right angles to the directrix, and intersecting it in the point X. Definition. This line SX, produced both ways, is called the Axis of the Conic Section. In SX take a point A such that the ratio of SA to AX is equal to the given ratio; then A is a point in the curve. CONIC SECTIONS. 4 Def. The point A is called the Vertex of the curve. In the directrix EX take any point E, join EA, and ES, produce these lines, and through S draw the straight line SQ making with ES produced the same angle which ES produced makes with the axis SN . Let P be the point of intersection of SQ and EA produced, and through P draw LP K parallel to N X, and intersecting ES produced in L, and the directrix in K. Then the angle P LS is equal to the angle LSN and therefore to P SL; Hence SP = P L. Also P L : AS :: EP : EA :: P K : AX ; ∴ P L : P K :: AS : AX ; and ∴ SP : P K :: AS : AX. The point P is therefore a point in the curve required, and by taking for E successive positions along the directrix we shall, by this construction, obtain a succession of points in the curve. If E be taken on the upper side of the axis at the same distance from X, it is easy to see that a point P will be obtained below the axis, which will be similarly situated with regard to the focus and directrix. Hence it follows that the axis divides the curve into two similar and equal portions. CONIC SECTIONS. 5 Another point of the curve, ly- ing in the straight line KP , can be found in the following manner. Through S draw the straight line F S making the angle F SK equal to KSP , and let F S pro- duced meet KP produced in P 0 . Then, since KS bisects the an- gle P SF , SP 0 : SP :: P 0 K : P K; ∴ SP 0 : P 0 K :: SP : P K, and P 0 is a point in the curve. 2. Def. The Eccentricity. The constant ratio of the distance from the focus of any point in a conic section to its distance from the directrix is called the eccentricity of the conic section. The Latus Rectum. If E be so taken that EX is equal to SX, the angle P SN , which is double the an- gle LSN , and therefore double the angle ESX, is a right angle. For, since EX = SX, the angle ESX = SEX, and, the angle SXE being a right angle, the sum of the two angles SEX, ESX, which is equal to twice ESX, is also equal to a right angle. Calling R the position of P in this case, produce RS to R0 , so that R0 S = RS; then R0 is also a point in the curve. Def. The straight line RSR0 drawn through the focus at right angles to the axis, and intersecting the curve in R, and R0 , is called the Latus Rectum. It is hence evident that the form of a conic section is determined by its eccentricity, and that its magnitude is determined by the magnitude of the latus rectum, which is given by the relation SR : SX :: SA : AX. CONICS. 6 3. Def. The straight line P N (Fig. Art. 1), drawn from any point P of the curve at right angles to the axis, and intersecting the axis in N , is called the Ordinate of the point P . If the line P N be produced to P 0 so that N P 0 = N P , the line P N P 0 is a double ordinate of the curve. The latus rectum is therefore the double ordinate passing through the focus. Def. The distance AN of the foot of the ordinate from the vertex is called the Abscissa of the point P . Def. The distance SP is called the focal distance of the point P . It is also described as the radius vector drawn from the focus. 4. We have now given a general method of constructing a conic section, and we have explained the nomenclature which is usually employed. We proceed to demonstrate a few of the properties which are common to all the conic sections. For the future the word conic will be employed as an abbreviation for conic section. Prop. II. If the straight line joining two points P , P 0 of a conic meet the directrix in F , the straight line F S will bisect the angle between P S and P 0 S produced. Draw the perpendiculars P K, P 0 K 0 on the directrix. Then SP : SP 0 :: P K : P 0 K 0 :: P F : P 0 F. CONICS. 7 Therefore F S bisects the outer angle, at S, of the triangle P SP 0 . (Eu- clid vi., A.) Cor. If SQ bisect the angle P SP 0 , it follows that F SQ is a right angle. 5. Prop. III. No straight line can meet a conic in more than two points. Employing the figure of Art. 4, let P be a point of the curve, and draw any straight line F P . Join SF , draw SQ at right angles to SF , and SP 0 making the angle QSP 0 equal to QSP ; then P 0 is a point of the curve. For, since SF bisects the outer angle at S, SP 0 : SP :: P 0 F : P F, :: P 0 K 0 : P K or SP 0 : P 0 K 0 :: SP : P K, and therefore, P 0 is a point of the curve, also, there is no other point of the curve in the straight line F P P 0 . For suppose if possible P 00 to be another point; then, as in Article (4), SQ bisects the angle P SP 00 ; but SQ bisects the angle P SP 0 ; therefore P 00 and P 0 are coincident. 6. Prop. IV. If QSQ0 be a focal chord of a conic, and P any point of the conic, and if QP , Q0 P meet the directrix in E and F , the angle ESF is a right angle. For, by Prop. II., SE bisects the angle P SQ0 , and SF bisects the angle P SQ; hence it follows that ESF is a right angle. This theorem will be subsequently utilised in the case in which the focal chord Q0 SQ is coincident with the axis of the conic. FOCAL CHORDS. 8 7. Prop. V. The straight lines joining the extremities of two focal chords intersect in the directrix. If P Sp, P 0 Sp0 be the two chords, the point in which P P 0 meets the directrix is obtained by bisecting the angle P SP 0 and drawing SF at right angles to the bisecting line SQ. But this line also bisects the angle pSp0 ; therefore pp0 also passes through F . The line SF bisects the an- gle P Sp0 , and similarly, if QS produced, bisecting the angle pSp0 , meet the directrix in F 0 , the two lines P p0 , P 0 p will meet in F 0 . It is obvious that the an- gle F SF 0 is a right angle. 8. Prop. VI. The semi- latus rectum is the harmonic mean between the two segments of any focal chord of a conic. Let P SP 0 be a focal chord, and draw the ordinates P N , P 0 N 0 . Then, the triangles SP N , SP 0 N 0 being similar, SP : SP 0 :: SN : SN 0 :: N X − SX : SX − N 0 X :: SP − SR : SR − SP 0 , since SP , SR, SP 0 are proportional to N X, SX, and N 0 X. Cor. Since SP : SP − SR :: SP . SP 0 : SP . SP 0 − SR . SP 0 , and SP 0 : SR − SP 0 :: SP . SP 0 : SR . SP − SP . SP 0 , it follows that SP . SP 0 − SR . SP 0 = SR . SP − SP . SP 0 ; ∴ SR . P P 0 = 2SP . SP 0 . TANGENTS. 9 Hence, if P SP 0 , QSQ0 are two focal chords, P P 0 : QQ0 :: SP . SP 0 : SQ . SQ0 . 9. Prop. VII. A focal chord is divided harmonically at the focus and the point where it meets the directrix. Let P SP 0 produced meet the directrix in F , and draw P K, P 0 K 0 per- pendicular to the directrix, fig. Art. 8. Then P F : P 0 F :: P K : P 0 K 0 :: SP : SP 0 :: P F − SF : SF − P 0 F ; that is, P F , SF , and P 0 F are in harmonic progression, and the line P P 0 is divided harmonically at S and F . 10. Definition of the Tangent to a curve. If a straight line, drawn through a point P of a curve, meet the curve again in P 0 , and if the straight line be turned round the point P until the point P 0 approaches indefinitely near to P , the ultimate position of the straight line is the tangent to the curve at P . Thus, if the straight line AP P 0 turn round P until the points P and P 0 coincide, the line in its ultimate position P T is the tangent at P . Def. The normal at any point of a curve is the straight line drawn through the point at right angles to the tangent at that point. Thus, in the figure, P G is the normal at P . TANGENTS. 10 Prop. VIII. The straight line, drawn from the focus to the point in which the tangent meets the directrix, is at right angles to the straight line drawn from the focus to the point of contact. It is proved in Art. (4) that, if F P P 0 is a chord, and if SQ bisects the angle P SP 0 , F SQ is a right angle. Let the point P 0 move along the curve towards P ; then, as P 0 approaches to coincidence with P , the straight line F P P 0 approximates to, and ulti- mately becomes, the tangent T P at P . But when P 0 coincides with P , the line SQ coincides with SP , and the angle F SP , which is ultimately T SP , becomes a right angle. Or, in other words, the portion of the tan- gent, intercepted between the point of contact and the directrix, subtends a right angle at the focus. 11. Prop. IX. The tangent at the vertex is perpendicular to the axis. If a chord EAP be drawn through the ver- tex, and the point P be near the vertex, the angle P SA is small, and LSN , which is half the angle P SN , is nearly a right angle. Hence it follows that when P approaches to coincidence with A, the point E moves off to an infinite distance and the line EAP , which TANGENTS. 11 is ultimately the tangent at A, becomes parallel to LSE, and is therefore perpendicular to AX. 12. Prop. X. The tangents at the ends of a focal chord intersect on the directrix. For the line SF , perpendicular to SP , meets the directrix in the same point as the tangent at P ; and, since SF is also at right angles to SP 0 , the tangent at P 0 meets the directrix in the same point F . Conversely, if from any point F in the directrix tangents be drawn, the chord of contact, that is, the straight line joining the points of contact, will pass through the focus and will be at right angles to SF . Cor. Hence it follows that the tangents at the ends of the latus rectum pass through the foot of the directrix. 13. Prop. XI. If a chord P 0 P meet the directrix in F , and if the line bisecting the P SP 0 meet the curve in q and q 0 , F q and F q 0 will be the tangents at q and q 0 . Taking the figure of Art. 7, the line SQ meets the curve in q and q 0 , and, since SF is at right angles to SQ, it follows, from Art. 12, that F q and F q 0 are tangents. Hence if from a point F in the directrix tangents be drawn, and also any straight line F P P 0 cutting the curve in P and P 0 , the chord of contact will bisect the angle P SP 0 . 14. Prop. XII. If the tangent at any point P of a conic intersect the directrix in F , and the latus rectum produced in D, SD : SF :: SA : AX. TANGENTS. 12 Join SK; then, observing that F SP and F KP are right angles, a circle can be de- scribed about F SP K, and therefore the an- gles SF D, SKP are equal. Also the angle F SD = complement of DSP = SP K; ∴ the triangles F SD, SP K are similar, and SD : SF :: SP : P K :: SA : AX. Cor. (1). If the tangent at the other end P 0 of the focal chord meet the directrix in D0 , SD0 : SF :: SA : AX; ∴ SD = SD0 . Cor. (2). If DE be the perpendicular from D upon SP , the triangles SDE, SF X are similar, and SE : SX :: SD : SF :: SA : AX :: SB : SX ; ∴ SE is equal to SR, the semi-latus rectum. 15. Prop. XIII. The tangents drawn from any point to a conic subtend equal angles at the focus. Let the tangents F T P , F 0 T P 0 at P and P 0 meet the directrix in F and F and the latus rectum in D and D0 . 0 Join ST and produce it to meet the directrix in K; then KF : SD :: KT : ST :: KF 0 : SD0 . Hence KF : KF 0 :: SD : SD0 :: SF : SF 0 by Prop. XII. ∴ the angles T SF , T SF 0 are equal. But the angles F SP 0 , F 0 SP are equal, for each is the complement of F SF 0 ; ∴ the angles T SP, T SP 0 are equal. TANGENTS. 13 Cor. Hence it follows that if perpendiculars T M , T M 0 be let fall upon SP and SP 0 , they are equal in length. For the two triangles T SM , T SM 0 have the angles T M S, T SM respec- tively equal to the angles T M 0 S, T SM 0 , and the side T S common; and therefore the other sides are equal, and T M = T M 0. 16. Prop. XIV. If from any point T in the tangent at a point P of a conic, T M be drawn, perpendicular to the focal distance SP , and T N perpendicular to the directrix, SM : T N :: SA : AX. For, if P K be perpendicular to the directrix and SF be joined, SM : SP :: T F : F P :: T N : P K; ∴ SM : T N :: SP : P K :: SA : AX. This theorem, which is due to Pro- fessor Adams, may be employed to prove Prop. XIII. For if, in the figure of Art. (15), T M , T M 0 be the perpendiculars from T on SP and SP 0 , and if T N be the perpendicular on the directrix, SM and SM 0 have each the same ratio to T N , and are therefore equal to one another. NORMALS. 14 Hence the triangles T SM , T SM 0 are equal in all respects, and the angle P SP 0 is bisected by ST . 17. Prop. XV. To draw tangents from any point to a conic. Let T be the point, and let a circle be described about S as centre, the radius of which bears to T N the ratio of SA : AX; then, if tangents T M , T M 0 be drawn to the circle, the straight lines SM , SM 0 , produced if necessary, will intersect the conic in the points of contact of the tangents from T . 18. Prop. XVI. If P G, the normal at P , meet the axis of the conic in G, SG : SP :: SA : AX. Let the tangent at P meet the directrix in F , and the latus rectum pro- duced in D. Then the angle SP G = the complement of SP F = P F S, and P SG = the complement of F SX = F SD; ∴ the triangles SF D, SP G are similar, and SG : SP :: SD : SF :: SA : AX, by Prop. XII. 19. Prop. XVII. If from G, the point in which the normal at P meets the axis, GL be drawn perpen- dicular to SP , the length P L is equal to the semi-latus rectum. Let the tangent at P meet the di- rectrix in F , and join SF . Then P LG, P SF are similar tri- angles; ∴ P L : LG :: SF : SP. Also SLG and SF X are similar triangles; ∴ LG : SX :: SG : SF. TANGENTS. 15 Hence P L : SX :: SG : SP :: SA : AX, Art. (18), but SR : SX :: SA : AX, Art. (2); ∴ P L = SR. 20. Prop. XVIII. If from any point F in the directrix tangents be drawn, and also any straight line F P P 0 cutting the curve in P and P 0 , the chord P P 0 is divided harmonically at F and its point of intersection with the chord of contact. For, if QSQ0 be the chord of contact, it bisects the angle P SP 0 , (Prop. XI.), and ∴, if V be the point of intersection of SQ and P P 0 , F P 0 : F P :: SP 0 : SP :: P 0 V : P V :: F P 0 − F V : F V − F P. Hence F V is the harmonic mean between F P and F P 0 . The theorems of this article and of Art. 9 are particular cases of more general theorems, which will appear hereafter. 21. Prop. XIX. If a tangent be drawn parallel to a chord of a conic, the portion of this tangent which is intercepted by the tangents at the ends of the chord is bisected at the point of contact. Let P P 0 be the chord, T P , T P 0 the tangents, and EQE 0 the tangent parallel to P P 0 . TANGENTS. 16 From the focus S draw SP , SP 0 and SQ, and draw T M , T M 0 perpen- dicular respectively to SP , SP 0 . Also draw from E perpendiculars EN , EL, upon SP , SQ, and from E 0 perpendiculars E 0 N 0 , E 0 L0 upon SP 0 and SQ. Then, since EE 0 is parallel to P P 0 T P : EP :: T P 0 : E 0 P 0 , but T P : EP :: T M : EN, and T P 0 : E 0 P 0 :: T M 0 : E 0 N 0 ; ∴ T M : EN :: T M 0 : E 0 N 0 ; but T M = T M 0 , Cor. Prop. xiii.; ∴ EN = E 0 N 0 . Again, by the same corollary, EN = EL and E 0 N 0 = E 0 L0 ; ∴ EL = E 0 L0 , and, the triangles ELQ, E 0 L0 Q being similar, EQ = E 0 Q. EXAMPLES. 17 Cor. If T Q be produced to meet P P 0 in V , P V : EQ :: T V : T Q, and P 0 V : E 0 Q :: T V : T Q; ∴ P V = P 0 V, that is, P P 0 is bisected in V . Hence, if tangents be drawn at the ends of any chord of a conic, the point of intersection of these tangents, the middle point of the chord, and the point of contact of the tangent parallel to the chord, all lie in one straight line. EXAMPLES. 1. Describe the relative positions of the focus and directrix, first, when the conic is a circle, and secondly, when it consists of two straight lines. 2. Having given two points of a conic, the directrix, and the eccentricity, de- termine the conic. 3. Having given a focus, the corresponding directrix, and a tangent, construct the conic. 4. If a circle passes through a fixed point and cuts a given straight line at a constant angle the locus of its centre is a conic. 5. If P G, pg, the normals at the ends of a focal chord, intersect in O, the straight line through O parallel to P p bisects Gg. 6. Find the locus of the foci of all the conics of given eccentricity which pass through a fixed point P , and have the normal P G given in magnitude and position. 7. Having given a point P of a conic, the tangent at P , and the directrix, find the locus of the focus. 8. If P SQ be a focal chord, and X the foot of the directrix, XP and XQ are equally inclined to the axis. 9. If P K be the perpendicular from a point P of a conic on the directrix, and SK meet the tangent at the vertex in E, the angles SP E, KP E are equal. 10. If the tangent at P meet the directrix in F and the axis in T , the angles KSF , F T S are equal. EXAMPLES. 18 11. P SP 0 is a focal chord, P N , P 0 N 0 are the ordinates, and P K, P 0 K 0 perpen- diculars on the directrix; if KN , K 0 N 0 meet in L, the triangle LN N 0 is isosceles. 12. The focal distance of a point on a conic is equal to the length of the ordinate produced to meet the tangent at the end of the latus rectum. 13. The normal at any point bears to the semi-latus rectum the ratio of the focal distance of the point to the distance of the focus from the tangent. 14. The chord of a conic is given in length; prove that, if this length exceed the latus rectum, the distance from the directrix of the middle point of the chord is least when the chord passes through the focus. 15. The portion of any tangent to a conic, intercepted between two fixed tan- gents, subtends a constant angle at the focus. 16. Given two points of a conic, and the directrix, find the locus of the focus. 17. From any fixed point in the axis a line is drawn perpendicular to the tangent at P and meeting SP in R; the locus of R is a circle. 18. If the tangent at the end of the latus rectum meet the tangent at the vertex in T , AT = AS. 19. T P , T Q are the tangents at the points P , Q of a conic, and P Q meets the directrix in R; prove that RST is a right angle. 20. SR being the semi-latus rectum, if RA meet the directrix in E, and SE meet the tangent at the vertex in T , AT = AS. 21. If from any point T , in the tangent at P , T M be drawn perpendicular to SP , and T N perpendicular to the transverse axis, meeting the curve in R, SM = SR. 22. If the chords P Q, P 0 Q meet the directrix in F and F 0 , the angle F SF 0 is half P SP 0 . 23. If P N be the ordinate, P G the normal, and GL the perpendicular from G upon SP , GL : P N :: SA : AX. 24. If normals be drawn at the ends of a focal chord, a line through their intersection parallel to the axis will bisect the chord. EXAMPLES. 19 25. If a conic of given eccentricity is drawn touching the straight line F D joining two fixed points F and D, and if the directrix always passes through F , and the corresponding latus rectum always passes through D, find the locus of the focus. 26. If ST , making a constant angle with SP meet in T the tangent at P , prove that the locus of T is a conic having the same focus and directrix. 27. If E be the foot of the perpendicular let fall upon P SP 0 from the point of intersection of the normals at P and P 0 , P E = SP 0 and P 0 E = SP. 28. If a circle be described on the latus rectum as diameter, and if the common tangent to the conic and circle touch the conic in P and the circle in Q, the angle P SQ is bisected by the latus rectum. (Refer to Cor. 2. Art. 14.) 29. Given two points, the focus, and the eccentricity, determine the position of the axis. 30. If a chord P Q subtend a constant angle at the focus, the locus of the intersection of the tangents at P and Q is a conic with the same focus and directrix. 31. The tangent at a point P of a conic intersects the tangent at the fixed point P 0 in Q, and from S a straight line is drawn perpendicular to SQ and meeting in R the tangent at P ; prove that the locus of R is a straight line. 32. The circle is drawn with its centre at S, and touching the conic at the vertex A; if radii Sp, Sp0 of the circle meet the conic in P , P 0 , prove that P P 0 , pp0 intersect on the tangent at A. 33. P p is any chord of a conic, P G, pg the normals, G, g being on the axis; GK, gk are perpendiculars on P p; prove that P K = pk. CHAPTER II. The Parabola. Def. A parabola is the curve traced out by a point which moves in such a manner that its distance from a given point is always equal to its distance from a given straight line. Tracing the Curve. 22. Let S be the focus, EX the directrix, and SX the perpendicular on EX. Then, bisecting SX in A, the point A is the vertex; and if, from any THE PARABOLA. 21 point E in the directrix, EAP , ESL be drawn, and from S the straight line SP meeting EA produced in P , and making the angle P SL equal to LSN , we obtain, as in Art. (1), a point P in the curve. For P L : P K :: SA : AX, and ∴ P L = P K. But SP = P L, and ∴ SP = P K. Again, drawing EP 0 parallel to the axis and meeting in P 0 the line P S produced, we obtain the other extremity of the focal chord P SP 0 . For the angle ESP 0 = P SL = P LS = SEP 0 , and ∴ SP 0 = P 0 E, and P 0 is a point in the parabola. The curve lies wholly on the same side of the directrix; for, if P 0 be a point on the other side, and SN be perpendicular to P 0 K, SP 0 is greater than P 0 N , and therefore is greater than P 0 K. Again, a straight line parallel to the axis meets the curve in one point only. For, if possible, let P 00 be another point of the curve in KP produced. Then SP = P K and SP 00 = P 00 K ∴ P P 00 = SP 00 − SP, or P P 00 + SP = SP 00 , which is impossible. 23. Prop. I. The distance from the focus of a point inside a parabola is less, and of a point outside is greater than its distance from the directrix. If Q be the point inside, let fall the perpendicular QP K on the directrix, meeting the curve in P . THE PARABOLA. 22 Then SP + P Q > SQ, but SP + P Q = P K + P Q = QK, ∴ SQ < QK. 0 If Q be outside, and between P and K, SQ0 + P Q0 > SP, ∴ SQ0 > Q0 K. If Q0 lie in P K produced, SQ0 + SP > P Q0 , and ∴ SQ0 > KQ0 . 24. Prop. II. The latus rectum = 4 . AS. For if, Fig. Art. 23, LSL0 be the latus rectum, drawing LK 0 at right angles to the directrix, we have LS = LK 0 = SX = 2AS, ∴ LSL0 = 4 . AS. 25. Mechanical construction of the Parabola. Take a rigid bar EKL, of which the portions EK, KL are at right angles to each other, and fasten a string to the end L, the length of which is LK. Then if the other end of the string be fastened to S, and the bar be made to slide along a fixed straight edge, EKX, a pencil at P , keeping the string stretched against THE PARABOLA. 23 the bar, will trace out a portion of a parabola, of which S is the focus, and EX the directrix. 26. Prop. III. If P K is the perpendicular upon the directrix from a point P of a parabola, and if P A meet the directrix in E, the angle KSE is a right angle. Join ES, and let KP and ES pro- duced meet at L. Since SA = AX, it follows that P L = P K = SP ; ∴ P is the centre of the circle through K, S, and L, and the angle KSL is a right angle. Therefore KSE is a right angle. 27. Prop. IV. If P N is the ordinate of a point P of a parabola, P N 2 = 4AS . AN. Taking the figure above, P N : EX :: AN : AX ∴ P N 2 : EX . KX :: 4AS . AN : 4AS 2 . But, since KSE is a right angle, EX . KX = SX 2 = 4AS 2 , ∴ P N 2 = 4AS . AN. Cor. If AN increases, and becomes infinitely large, P N increases and becomes infinitely large, and therefore the two portions of the curve, above and below the axis, proceed to infinity. 28. Prop. V. If from the ends of a focal chord perpendiculars be let fall upon the directrix, the intercepted portion of the directrix subtends a right angle at the focus. For, if P A meet the directrix in E, and if the straight line through E perpendicular to the directrix meet P S in P 0 , it is shewn, in Art. 22, that P 0 is the other extremity of the focal chord P S; and, as in Art. 26, KSE is a right angle. THE PARABOLA. 24 29. Prop. VI. The tangent at any point P bisects the angle between the focal distance SP and the perpendicular P K on the directrix. Let F be the point in which the tangent meets the directrix, and join SF . We have shewn, (Art. 10) that F SP is a right angle, and, since SP = P K, and P F is common to the right-angled triangles SP F , KP F , it follows that these triangles are equal in all respects, and therefore the angle SP F = F P K. In other words, the tangent at any point is equally inclined to the focal distance and the axis. Cor. It has been shewn, in Art. (12), that the tangents at the ends of a focal chord inter- sect in the directrix, and therefore, if P S pro- duced meet the curve in P 0 , F P 0 is the tangent at P 0 , and bisects the angle between SP 0 and the perpendicular from P 0 on the directrix. 30. Prop. VII. The tangents at the ends of a focal chord intersect at right angles in the directrix. Let P SP 0 be the chord, and P F , P 0 F the tan- gents meeting the directrix in F . Let fall the perpendiculars P K, P 0 K 0 , and join SK, SK 0 . The angle P 0 SK 0 = 21 P 0 SX = 21 SP K = SP F , 0 ∴ SK is parallel to P F , and, similarly, SK is parallel to P 0 F . But (Art. 28) KSK 0 is a right angle; ∴ P F P 0 is a right angle. 31. Prop. VIII. If the tangent at any point P of a parabola meet the axis in T , and P N be the ordinate of P , then AT = AN. THE PARABOLA. 25 Draw P K perpendicular to the direc- trix. The angle SP T = T P K = P T S, ∴ ST = SP = PK = N X. But ST = SA + AT, and N X = AN + AX; ∴ since SA = AX, AT = AN. Def. The line N T is called the sub-tangent. The sub-tangent is therefore twice the abscissa of the point of contact. 32. Prop. IX. The foot of the perpendicular from the focus on the tangent at any point P of a parabola lies on the tangent at the vertex, and the perpendicular is a mean proportional between SP and SA. Taking the figure of the previous article, join SK meeting P T in Y . Then SP = P K, and P Y is common to the two triangles SP Y , KP Y ; also the angle SP Y = Y P K; ∴ the angle SY P = P Y K, and SY is perpendicular to P T . Also SY = KY , and SA = AX, ∴ AY is parallel to KX. Hence, AY is at right angles to AS, and is therefore the tangent at the vertex. Again, the angle SP Y = ST Y = SY A, and the triangles SP Y , SY A are therefore similar; ∴ SP : SY :: SY : SA, or SY 2 = SP . SA. 33. Prop. X. In the parabola the subnormal is constant and equal to the semi-latus rectum. Def. The distance between the foot of the ordinate of P and the point in which the normal at P meets the axis is called the subnormal. THE PARABOLA. 26 In the figure P G is the normal and P T the tangent. It has been shewn that the angle SP K is bisected by P T , and hence it follows that SP L is bisected by P G, and that the angle SP G = GP L = P GS; hence SG = SP = ST = SA + AT = SA + AN = 2AS + SN ; ∴ the subnormal N G = 2AS. 34. Cor. If Gl be drawn perpendicular to SP , the angle GP l = the complement of SP T , = the complement of ST P , = P GN , and the two right-angled triangles GP N , GP l have their angles equal and the side GP common; hence the triangles are equal, and P l = N G = 2AS = the semi-latus rectum. It has been already shewn, (Art. 19), that this property is a general property of all conics. 35. Prop. XI. To draw tangents to a parabola from an external point. For this purpose we may employ the general construction given in Art. (17), or, for the special case of the parabola, the following construction. Let Q be the external point, join SQ, and upon SQ as diameter describe a circle intersecting the tangent at the vertex in Y and Y 0 . Join Y Q, Y 0 Q; these are tangents to the parabola. Draw SP , so as to make the angle Y SP equal to Y SA, and to meet Y Q in P , and let fall the perpendicular P N upon the axis. 
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